We show that the mass of the Fayet hypermultiplet, which represents the matter sector of N=2 supersymmetric Yang-Mills theory, may be induced through a generalization of the central charge constraint usually proposed in the literature. This mass showing up as a parameter of the supersymmetry transformations, we conclude that it will stay unrenormalized at the quantum level.
Introduction
In N = 2 supersymmetric theories, matter, i.e. spin 0 and 1 2 particles, is represented by the Fayet "hypermultiplet" [1, 2] . It is represented in superspace by a certain constrained superfield. One of these constraints, necessary in order to render finite the number of local field components of the superfield, concerns the central charge [2, 3, 4] . We propose in the present paper a generalization of this constraint, involving a complex parameter λ of mass dimension 1, which will appear in the supersymmetry transformation rules of the component fields and show up in the resulting invariant action as a contribution to the physical mass. An interesting consequence of this construction is a nonrenormalization theorem for the mass, in models where the latter is entirely due to the supersymmetry parameter λ.
In this paper, we shall restrict ourselves to the construction of the free theory in order to explain the mechanism in a simple way. The construction of the full N = 2 theory with coupling to a gauge supermultiplet is left for a forthcoming publication [5] .
The plan is the following. After recalling, in Section 2, some notations and definitions for N = 2 super-Yang-Mills theory in the superspace formalism, we give the construction of the Fayet matter supermultiplet in Section 3, using the generalized supercharge constraint. We then construct the action in Section 4, showing the generation of the mass. The discussion of the nonrenormalization of this mass is performed in Section 5. Our conclusions are presented in Section 6.
2 N = 2 Superspace N = 2 supersymmetry is defined by the Wess-Zumino superalgebra [2, 6] [P A ,
where P A = {P a , Q i α ,Q iα , Z,Z} is the set of infinitesimal generators: the translations P a , (a = 0, · · · , 3), the supersymmetries Q , 0) and (0, 1 2 ), characterized by the indices α andα, respectively. Z andZ are scalars. Moreover Q andQ also transform as doublets of the isospin group SU(2) -acting on the index i.
The generators P , Z andZ are bosonic, whereas Q andQ are fermionic. Accordingly, the bracket [·, ·] in the l.h.s. of (2.1) is a graded commutator, i.e. an anticommutator if both entries are fermionic, and a commutator otherwise.
Finally, the structure constants of the superalgebra (2.1) -the "torsions" -are given by:
all the other torsion coefficients vanishing.
Representation of the N=2 Wess-Zumino algebra:
Our first task is to define the superspace representation of the Wess-Zumino algebra (2.1). N=2 superspace [2, 6] is described by the coordinates {X A } = {x a , θ i α ,θ iα , z,z}. These coordinates are, respectively, the space-time coordinates, Weyl isospin coordinates and its conjugate, complex central charge and its conjugate 2 . The spinor coordinates, θ and θ, are Grassmann (i.e. anticommuting or "fermionic") numbers, the remaining ones are ordinary (i.e. commuting or "bosonic") numbers, so the manifold coordinates satisfy the (anti)commutation rules:
where the grading a = 0 if X A is bosonic, and a = 1 in the fermionic case.
A superfield is a function in superspace, φ(X), transforming under the generators of the superalgebra (2.1) as follows:
where we have defined
This provides the superfield representation of the superalgebra (2.1).
The covariant derivatives D A are superspace derivatives defined such that D A φ transform in the same way as the superfield φ itself. They are given by
2 See the Appendix for our conventions of complex conjugation. As for the central charge coordinate, we havez = −z * , where z * is the complex conjugate of z.
and obey the same (anti)commutation rules as the generators, up to the signs of the right-hand sides:
the torsion coefficients T being given in (2.2).
The components of the supermultiplet corresponding to the superfield φ are the coefficients of its expansion in powers of θ andθ. A generic component can be written as
where (D) n is some product of D i α andD iα derivatives, and where the symbol | means that the expression is evaluated at θ =θ = 0. It follows from this remark and from the explicit transformation rules (2.4) , that the action of the supersymmetry and central charge generators on the components can be written as [7] 
Construction of the Free Fayet Hypermultiplet
The Fayet hypermultiplet
is formed by two SU(2) doublets of complex scalars (φ i , F i ) and two Weyl spinors (ψα, χ a ). It represents the matter sector of N=2 supersymmetric Yang-Mills theories [2] , but we shall only consider the free Fayet hypermultiplet in the present paper. It may be represented by an SU(2) doublet of complex superfield 3 φ i (X) subjected to the supersymmetric constraints
Central charge constraint and supersymmetry transformations:
The dependence of the superfield on the central charge coordinate z leads in general to an infinity of local field components. In order to define a finite supersymmetry representation, one has to impose a central charge constraint which restricts the dependence on z andz. We shall choose the constraint to be
3)
It depends on a complex parameter λ of the dimension of a mass and on a dimensionless complex "phase" parameter w. This constraint generalizes the one found in the literature [3] , which corresponds to zero λ and w. We remark that, since D i α andD iα commute with ∂ z and ∂z , the constraint above holds for the superfield φ i (φ i ) and all its derivatives, in particular on the derivatives which define the componant fields (2.8), (3.4) .
In order to establish the supersymmetry transformation rules of the hypermultiplet components, we first define the latters by the following covariant derivatives of the superfield φ:
(3.4) The last equality in the definition of F i follows from the Fayet constraints (3.2).
Using formula (2.9) together with the Fayet constraints (3.2) and the generalized constraint (3.3), we find the following (λ, w)-dependent transformation rules for the components:
In the same way one finds the transformations for the conjugated hypermultipletφ i = (φ i ,χα, ψ α ,F i ):
Finally, the central charge tranformation laws are
and similarly for the conjugate multipletφ i :
One checks that the equations (3.7) and (3.8) imply that for the superfield φ (φ) or any of its components C (C),
as it should be by construction.
Despite of the (w, λ) -dependence of the transformations (3.5) -(3.8), it is simple to verify that the superalgebra algebra closes accordingly to (2.1), independently of these parameters. So, w and λ are completely free parameters, and both may be complex.
The Hypermultiplet Lagrangian
In order to get the Lagrangian of the hypermultiplet constructed in the preceding section, we may use an algorithm due to Hasler, based on the Proposition [4] . Let be a superfield polynomial L ij -called the "kernel" -satisfying the conditions of zero symmetric derivatives
Then the superfields
where
transform under supersymmetry -with infinitesimal parameters ξ,ξ -as
Let us apply this proposition to the kernel
where γ is an arbitrary complex "phase" 4 . The conditions (4.1) are satisfied due to the Fayet constraints (3.2) obeyed by both φ i andφ i . We shall consider a linear combination of the superfield defined by (4.2) and of its complex conjugate:
where θ is a complex number. Since ξ andξ are independent parameters, it clearly follows from (4.4) that necessary and sufficient conditions for the supersymmetric variation of L θ to be a total divergence are
The kernel L ij , and consequently Λ andΛ, being bilinear in φ i andφ i , we easily check, using the equations (3.9), (4.3), (3.7), (3.8) and (3.3) , that the condition (4.7) is satisfied if
We finally get a supersymmetric Lagrangian -invariant up to a total derivative -as:
where we have used the notation (/ ∂ψ) α = ∂ αβψβ = σ a αβ ∂ aψβ .
We observe that the terms in λ are mass terms, which have been induced from the supersymmetry transformation rules we have defined in the last Section. Of course, it is still possible to add a mass term "by hand". This can be done with Hasler's algoritm, too. We find in this way the invariant mass Lagrangian
where µ is a complex mass parameter satisfying the condition µλ * + µ * λ = 0 , or, if λ and µ = 0 : Arg(µ) = Arg(λ) ± π 2 . (4.12)
Equations of motions and masses:
The total Lagrangian reads where
implying the equations of motions
These equations generalize the ones found in the literature by the presence of the parameter λ, which contributes to the mass M. Despite of µ and λ being complex, there is no tachyon in the theory. In fact, it is simple to verify that all component fields satisfy Klein-Gordon equations with a real mass |M|:
Parity:
The mass Lagrangian (4.14) in general is not invariant under parity invariance, defined by the transformations
Parity invariance however holds if (and only if) M is purely imaginary, i.e.:
This condition of parity invariance, together with the condition (4.12), imply that the mass parameter µ, hence the physical mass |M|, is completely determined in terms of the parameter λ -excepted in the case of vanishing λ: In particular, µ = 0 if λ is imaginary. On the other hand, there is no solution if λ is real.
6 The 4-component Dirac spinor Ψ = (χ α ,ψα) then transforms as Ψ → γ 0 Ψ. In terms of Ψ, the fermion mass term is a superposition of the scalarΨΨ and of the pseudoscalarΨγ 5 Ψ.
Nonrenormalization of the Mass
The complex mass coefficient M of the general mass term (4.14) has two contributions, namely one from the supersymmetry transformation parameter λ, defined through the generalized central charge constraint (3.3) , and the other one from the free coefficient µ of the separately invariant mass Lagrangian (4.11). However, we may consider the total mass parameter M to be entirely produced by the parameter of the supersymmetry transformation rules (3.5), (3.6) . It suffices indeed to use the transformations (3.5), (3.6) with λ substituted by λ ′ = −2M. (Remember that the "phase" ω is related to λ trough (4.8).) In consequence, we can set
without loss of generality.
This means that, at the quantum level, where the symmetries are expressed by Ward identities (see, e.g., [8] ), the total mass is then defined as a parameter of the supersymmetry Ward identities -to the contrary of the usual case of a mass introduced as a separate invariant term of the action, such as the term L µ above. It follows that, in such a situation, the mass is not renormalized.
However, for the latter result to hold, we must be certain that, after having set µ = 0 in the action, a counterterm of the form (4.11) will not appear as a radiative correction. This can be guarantied by the presence of a "protecting" symmetry forbidding such a counterterm. From the discussion above on parity, we can conclude that parity itself provides a protecting symmetry. Indeed, as we have seen, parity invariance holds in particular if, µ being vanishing as we have assumed, λ is purely imaginary. Moreover, according to Eq. (4.19), a purely imaginary λ being given, parity implies the vanishing of µ. Parity invariance will thus assure the stability of this parameter configuration and the absence of any independent mass counterterm.
Any other possibility implies a parity breaking. Let us mention the case of a real λ -for which the λ-mass Lagrangian L λ in (4.10) is a pseudo-scalar. The protecting symmetry is provided by the discrete charge conjugation
The supersymmetric mass term L µ (4.11) is not invariant under this charge conjugation, whereas the remainder of the Lagrangian is, up to total derivatives, for λ real. It then follows also in this case that radiative corrections cannot generate such a mass counterterm.
Remarks.
1. Even if the parameter λ is initially vanishing, the mass being entirely given by the supersymmetric mass term (4.11), (then M = µ), we can still do the redefinition λ ′ = −2M and attribute the mass entirely to the supersymmetry parameter λ ′ . Hence the nonrenormalization again holds if we assume a protecting symmetry, such as parity or charge conjugation.
2. Of course, our "nonrenormalization theorem" is trivial in the context of the present free theory. It will however become relevant in the case of a coupling with gauge fields [5] .
Conclusions
We have shown that the constraint on the central charges of the N = 2 hypermultiplet, necessary in order to keep the number of its components finite, may be generalized introducing the dimensionful parameter λ. This parameter modifies the supersymmetry transformation rules and eventually contributes to the mass. A nonrenormalization theorem for the mass follows if there is no other, independent, contribution to it. This may be asssured thanks to a protecting symmetry. In general parity is broken but, interestingly enough, if invariance under parity is required, then parity itself provides the protecting symmetry. In the latter case, the total Lagrangian, invariant under the λ-depending supersymmetry transformations takes exactly the same form as in the usual theory -i.e. the theory with λ = 0 and a supersymmetric mass term added by hand.
Isospin indices i are raised and lowered by the antisymmetric tensors ε ij and ε ij :
with: ε ij = −ε ji , ε 12 = 1 , ε ij ε jk = δ 
